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Hypergeometric Functions and Their Application Areas Y. A. Mertytirek

Abstract

Essentially, the hypergeometric functions, which are a generalization of geometric
series, are a special function. The most fundamental hypergeometric function is the

Gaussian hypergeometric function defined by the series:

2F1(a,b; ¢ ) =y et

n=0

where (a), = a(a+1)(a+2)---(a+n — 1) is the Pochhammer symbol. Since this
series also includes many other special functions as special or limiting cases, they are
often seen as a “common framework” for specialized functions. This study provides
information on the structure, areas of application, and properties of hypergeometric
functions, tracing their historical development from Wallis and Newton through Eu-
ler, Gauss, Kummer, and into modern applications in physics, engineering, statistics,

cryptography, and medical imaging.
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1 Introduction: What is the Hypergeometric Function?

The hypergeometric function is one of the most important and far-reaching constructions
in mathematics. At its core, it generalizes the familiar geometric series by replacing the
constant ratio between successive terms with a rational function of the summation index.
This seemingly modest generalization opens the door to an enormous family of functions
that includes, as special or limiting cases, most of the classical special functions of math-
ematical physics: Legendre polynomials, Chebyshev polynomials, Laguerre polynomials,

Hermite polynomials, Bessel functions, the error function, and many more |1, 9, 11].

1.1 From Geometric to Hypergeometric Series

The ordinary geometric series
1+z+z2+z3+---:22"
n=0

has the defining property that the ratio between successive terms is constant:

Cn+1
— =2z 1
- )
The hypergeometric generalization replaces this constant ratio with a rational function

of n. Specifically, if we require

Cn+1 _ (a + n) (b + n) p (2>

Cn (c+n)(1+n)

where a, b, and ¢ are complex parameters, then the resulting series (with ¢ = 1) is the

Gauss hypergeometric function.

Definition 1.1 (Gauss Hypergeometric Function). The Gauss hypergeometric function

o F1 is defined by the power series

n

= (3)

n

2Fi(a,b; ¢; 2) :Z%

n=0

where (a), denotes the Pochhammer symbol (rising factorial):
(@), =ala+1)(a+2) - (a+n—1), (a)g = 1. (4)

The parameter ¢ must not be zero or a negative integer.
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The Pochhammer symbol can also be expressed via the Gamma function:

I'(a+n)

(a)n = “Ta) (5)

Remark 1.1. Setting a = 1, b = 1, ¢ = 1 recovers the geometric series: oF3(1,1; 1; 2) =
o 2" = for |z < 1.

2 Mathematical Motivation

2.1

Why Did These Studies Begin?

The study of hypergeometric functions was driven by several interconnected needs in

17th—

(i)

(iii)

19th century mathematics and natural philosophy:

Inadequacy of geometric series. The ordinary geometric series can only model
processes with a constant ratio — i.e., constant oscillation or exponential growth.
Physical phenomena such as planetary orbits, fluid mechanics, and heat distribution

involve processes whose growth rates vary rationally with the index.

Rational-ratio processes in nature. Many differential equations arising in
physics have solutions whose coefficients satisfy a ratio that is a rational function
of n. Rather than solving each differential equation from scratch, mathematicians
sought a master function that could generate all such solutions by adjusting its

parameters.

Unification of special functions. By the early 19th century, a bewildering variety
of special functions had been discovered (Legendre polynomials, Bessel functions, el-
liptic integrals, etc.). The hypergeometric framework provided a single and unifying
structure [1, 19].

The guiding philosophy can be summarized as:

“Let us find such a Master Function that by altering its parameters, we can

derive all other functions from it.”

The Gauss hypergeometric function oF) serves precisely this role. From it, one can

derive orthogonal polynomials, solutions to a vast class of differential equations, elliptic

integrals, and formulas used throughout physics and engineering.

3 Chronological Development and Analytic Deductions

This section traces the historical development of hypergeometric functions, providing the

key analytic derivations at each stage.
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3.1 1655-1665: Wallis and Newton — Sowing the Seeds

3.1.1 Wallis (1655)

John Wallis, in his Arithmetica Infinitorum (1655) [14], used the term “hypergeometric”
to describe sequences that grow faster than geometric progressions, such as n!. While
Wallis did not define the hypergeometric function in its modern sense, his work on infinite

products and interpolation of factorials laid essential groundwork.

3.1.2 Newton — Binomial Generalization

Isaac Newton generalized the binomial theorem to non-integer (rational) exponents [1, 9].

For |z] < 1 and any complex a, Newton showed that:

(1—2)"%= Z (Z)‘n 2", (6)

Theorem 3.1 (Newton’s Generalized Binomial as ; Fy). The generalized binomial series

equals the simplest hypergeometric function:

(a)n

n!

(1—2)"%=1Fy(a; —; 2) = Z

n=0

2" (7)

valid for |z| < 1.

Proof. We verify directly. The coefficient of 2" in the Taylor expansion of (1—z)~* around
z=01s

=T (1)
n! dz”( ?)

z=0
By induction, (1 —z)™* =a(a+1)---(a+n —1)(1 — z)7*™, so evaluating at z = 0

gives (a),. Hence the coefficient is (a),/n!, confirming (7). O

The function | Fj is the most fundamental “core” of the hypergeometric family. Every
higher hypergeometric function can be viewed as an enrichment of this basic building
block.

Application: Perturbation Theory in Celestial Mechanics. Newton used the
binomial series to calculate small deviations in planetary orbits. For instance, the orbital
perturbation of the Moon caused by the Sun’s gravitational pull can be approximated
by truncating the series (6) after a few terms. This is the origin of modern perturbation

theory in celestial mechanics.
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3.2 1748: The Euler Revolution — Integral Representation and

Transformations

Leonhard Euler made the next major breakthrough by providing an integral representation
of o F} and discovering linear transformation formulas that extend its domain beyond the
unit disk [1, 12, 9].

3.2.1 Euler’s Integral Formula

Theorem 3.2 (Euler’s Integral Representation). For Re(c) > Re(b) > 0,

o Fi(a,b; c; z) = %@‘b)/o 71— )TN (1 — 2t) T dt (8)

Proof. We start from the series definition (3) and use the Beta function representation of

the Pochhammer ratio. The key identity is

O)n NG 1 o .
(©n P(b)r(c_b)/o A O R

which follows from the Beta function B(b+n, ¢ —b) =T'(b+n)'(c—b)/T'(c+n) and the
relation (b), = T'(b+ n)/T'(b), (¢), =T'(c+n)/T(c).

Substituting into the series:

o Fi(a, b;c; 2) Z (@) (¢) ) / tb-i-n—l(l _ t)c—b—l dt
: 0

— nl NG RN
. F(C) ! b— 1 =
BT(c b)/t Z ! ©)

=(1—zt)—@

The interchange of summation and integration is justified by uniform convergence for
|z| < 1 and the given conditions on the parameters. In the last step, we used Newton’s

binomial series (7). This completes the proof. O

By applying the substitution v = 1 — ¢ in the Euler integral (8), one obtains the first

of Euler’s linear transformations.

Theorem 3.3 (Euler’s Linear Transformation).

oF1(a,b; c; 2) = (1 —2)7" oy <a, c—b o — 1) (10)
T

Proof. In the integral (8), substitute u = 1 — ¢, so t = 1 — u, dt = —du, and the limits
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reverse from v =1 to u = 0:

;1

oFi(a,b;c;2) = %/{) (1 —u)! uc_b_l(l —z(1— u))fa du

b —-b
_ I'(c) ! ) (1 — ) 4 ) Y du

Factoring out (1 — z)~* from the last factor:

—

(1= 2)1+z2u/(1—2) " =(1—2)" <1 - u> o

Thus

_ [(c) v N z -
Fi(a,b;c;z) = (1 — ¢ (e=b)=1(1 — )11 — du.
oFi(a,b;c;2) = (1 — 2) F(b)I‘(C—b)/O u (1 —u) v u
By comparison with the Euler integral for 5 Fi(a,c — b; ¢; w) with w = z/(z — 1), we
identify the right-hand side as (1 — 2) "%y Fi(a, c — b; ¢; z/(z — 1)). O

Significance (Analytic Continuation): The original series (3) converges only for
|z| < 1. The transformation (10) maps z to z/(z — 1), which lies in the left half-plane
when z is in the right half-plane. Through such transformations, 5 F; can be analytically
continued to the entire complex plane cut along [1,00) [1, 9, 19].

Starting from the Euler integral, four different substitutions yield four equivalent rep-
resentations of o 7 [1, 9, 13]:

Table 1: Euler’s four linear transformations of o F(a, b; ¢; 2).

#  Substitution Transformation Formula

1 t—t o F1(a,b; ¢; z)

2 t—1-t (1—2)_a2F1(a,c—b;c; & )
z—1

3 t—>1—2t)" (1—2)7" 2F1<c—a, b; ¢; il 1)
Z —

1-—1¢
4 t— (1 -2 3F(c—a,c—b;c 2)

1— 2zt

Practical Importance.
e Forms 2-3: Extend the region of convergence via z — z/(z — 1).
e Form 4 (Pfaff-Euler): Maintains numerical stability near z = 1, which is crucial
for computational implementations [§].
e Recurrence: These four forms allow transitions among functions 5 /. In numerical

computation, they are used to map the argument into the |z| < % domain, where

8
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the series converges much faster [8, 9.

Application: Elliptic Integrals. Using the Euler integral form, one can express the

complete elliptic integral of the first kind as a hypergeometric function [6, 12]:

w/2
K (k) = / Y ___T,m (1, LSt k2) . (11)
0 /1-—#k2sin’0 2 272

Derivation. The substitution ¢ = sin?6 in the standard form of K (k) transforms the

integral into a Beta-type integral. Specifically:

L 1 dt
K(k) :/0 VivI—ivVI—Fkt 2

1
— §/ V21— )7V - K2 dt
0

Comparing with the Euler integral (8) with a =1/2,b=1/2, c=1, z = k%

(1) _1 _1 11._2_71' rir .,
F(1/2)F(1/2)_7T’ S0 K(k)_Q 7T2F1(272a17k)_22F1(272717k .

]

This representation is used in calculating satellite orbits, pendulum periods with large

amplitude, and problems in optical refraction.

3.3 Gauss Systematic Construction

Carl Friedrich Gauss, in his seminal paper Disquisitiones generales circa seriem infinitam,

provided the first rigorous and systematic treatment of the hypergeometric function in
1812 [5].
3.3.1 Gauss Differential Equation

Theorem 3.4 (Gauss Hypergeometric Differential Equation). The function y = 2 Fi(a, b; ¢; z)
satisfies the second-order linear ODE [5, 1, 9]

z(1=2)y" 4+ [c—(a+b+1)z]y —aby =0 (12)

Proof. We substitute the series y = >~ a,2" with a,, = % into the ODE and verify

term by term. Considering

oo
y = E na, 2"
n=1
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and

y' = Z n(n —1)a, 2”2

n=2

in the equation z(1 — 2)y” + [c — (a+ b+ 1)z]y’ — aby, we get

i n(n — 1a,z""" — i n(n — 1)a,z" + ci nanz""
n=2 n=2 n=1

—(a+b+1) Znanz” - abZanz".
n=1 n=0
Shifting indices so that all terms involve z", we collect the coefficient of z™:
(n+1)(n+¢)ans1 — [n(n—1) + (a + b+ 1)n + ab] a, = 0.

Note that n(n — 1) + (a + b+ 1)n + ab = (n + a)(n + b). Therefore

o= (n+a)(n+0b)
" (4 )(n o)

Qn,

which is exactly the recurrence relation (2). The choice ag = 1 is not arbitrary. In the
Frobenius method for series solutions of second-order ODEs around a regular singular
point, the leading coefficient is a free normalization constant. Setting ay = 1 imposes
the standard normalization condition o F}(a, b; ¢; 0) = 1, which ensures uniqueness of the
series representation and is consistent with the Pochhammer-based definition (3) where
(azz# . f)—(; =1 for n = 0. This confirms that the ,F} series satisfies the ODE. O

3.3.2 Singular Point Structure: The Riemann P-Symbol

Bernhard Riemann (1857) showed that the Gauss equation (12) has exactly three regular
singular points in the extended complex plane: z = 0, z = 1, and z = oo [1, 9]. The

exponents at each singular point are:

l—c c—a—0» b
This is encoded in the Riemann P-symbol:

0 1 00
y=P<q 0 0 a zp. (13)
l—¢c ¢c—a—b b

10
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Any second-order linear ODE with exactly 3 regular singular points can be transformed
into Gauss equation by a suitable change of variable. This means that any physical system

whose governing equation has three boundary singularities can be solved using o F.

Examples from Physics: Central potential problems in quantum mechanics (the Coulomb
problem for the hydrogen atom), electromagnetic wave equations in spherical geometries,
and scattering problems all possess a 3-singular-point structure and are therefore naturally

expressed in terms of o F}.

3.3.3 Kummer’s 24 Solutions

Ernst Eduard Kummer (1836) demonstrated that the Gauss equation admits exactly 24
distinct solutions expressed as hypergeometric functions [7, 1]. These are obtained by:
1. Writing 2 linearly independent solutions around each of the 3 singular points (giving
2 x 3 = 6 solution pairs).
2. Applying Euler’s 4 linear transformations to each pair.
The resulting 6 x 4 = 24 expressions are known as Kummer’s 24 solutions. They are
invaluable in applications such as Mie scattering theory in electromagnetism and potential

flow calculations in fluid dynamics.

3.3.4 Gauss Summation Theorem

Theorem 3.5 (Gauss Summation Theorem, 1812). For Re(c —a —b) > 0 [5, 1, 2],

[(c)T(c—a—b)

2Filabi e ) = 2o ST )

(14)

Proof. We use Euler’s integral representation (8) with z = 1:

Fila b 1) = (b)l;((i)_ 5 /0 L1 — 1)t (1 = ) dy
_ F(b)l;((cc)_ b) /U tb_l(l o t)c—a—b—l dt.

The integral converges precisely when Re(b) > 0 and Re(c — a — b) > 0. Recognizing the

Beta function,

1
/ 71 =) dt = B(b,c—a —b) =
0

['(c—a)
Therefore:
T TMTe—a-b) TET(c—a—b
2Fi(a, b6 1) = T(0)T(c—b)  T(e—a)  T(c—a)T(c—b)

11
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]

Remark 3.1. Gauss summation theorem is the continuous generalization of Vander-
monde’s combinatorial identity. When a = —n (a non-negative integer), the Chu—

Vandermonde identity is recovered:

(c= b

Fi(—n,b;¢c; 1) =
2 1( n,o; ¢ ) (C)n

Application. This theorem is fundamental to Fisher’s exact test in statistics [16], mar-
gin of error calculations in combinatorics, and p-value computations in drug efficacy stud-

ies.

3.3.5 Contiguous Relations and Algorithmic Computation

Gauss proved 15 linear relations between functions o F; whose parameters differ by +1.

These are called contiguous relations [5, 1, 9].

Theorem 3.6 (Contiguous Relation — Example). The following contiguous relation is

satisfied between Gauss Hypergeometric Functions:

(c—a)oFi(a—1,b; ¢; 2)+ (2a—c—az+bz) o Fi(a,b; ¢; z)+a(z—1) 2 Fi(a+1,b; ¢; z) = 0.
(15)

Algorithmic Significance. If F(a,b; ¢; z) and F(a—1,b; ¢; z) are known, equation (15)
yields F(a + 1,b; ¢; z) in O(1) operations. This three-term recurrence is a dynamic pro-
gramming transition: one can compute oF; for an arbitrary integer shift of a parameter
in linear time with respect to the shift, rather than summing the entire series anew [8|.

The following pseudocode illustrates the idea:

Listing 1: Dynamic programming via contiguous relation.

double get_F(int a, double b, double c, double z) {
if (a <= 1) return base_cases[a]; // F(0) and F(1) known
if (memo.count(a)) return memo[a];
// 0(1) DP transition via contiguous relation
double pl = get_F(a - 1, b, c, z);
double p2

double term = 2*%a - ¢ - 2 - (a-1)*z + bx*xz;

get_F(a - 2, b, c, z);

memo [a] = ((c-a+1)*p2 + term*pl) / ((a-1)x*x(1-z));

return memo [a];

12
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3.4 (1836) — The Confluent Hypergeometric Function ;| F}

3.4.1 Limit Transition between ,F; and | F}

A fundamentally important limiting case arises when we let one of the upper parameters
tend to infinity while simultaneously scaling the argument. Specifically, applying z — z/b
and taking b — oo in the Gauss function causes two of the three singular points to merge
(the Latin confluere means “to flow together”) [1, 9, 19]:

> o
lglc}o o F} <a b; c; E) 1Fi(a; ¢ 2) z% s (16)
Proof. In the series, the coefficient of 2" /n! on the left is % Now
n—1
(b),  bb+1)---(b+n-— 1) kY oo
= 1 — 1.
k=0
Hence each coefficient converges to (a),/(c),, giving the | F} series. O

Definition 3.1 (Confluent Hypergeometric Function / Kummer’s Function).

n

1F1acz:za — (17)

C n
n=0
3.4.2 Kummer Differential Equation
The confluent function satisfies |7, 9]:
2y +(c—2)y —ay=0. (18)

This equation has singular points at z = 0 (regular) and z = oo (irregular), in contrast to
the three regular singular points of the Gauss equation. The “confluence” of two regular

singular points into one irregular singular point is the defining characteristic.

3.4.3 Kummer’s Transformation

Theorem 3.7 (Kummer’s Transformation).
1Fi(a; ¢; z) = € 1Fi(c—a; ¢; —2). (19)

This identity is the confluent analog of Euler’s transformation (10) |7, 1].

13
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3.4.4 Confluent Hypergeometric Functions

The confluent hypergeometric function encompasses a remarkable collection of classical
functions [1, 4, 11, 19

Exponential: e =1Fi(a; a; 2) (20)
Error function: erf(z) = 22 1Fi(s; 3 —27) (21)
ﬁ 27 2
Dn
Laguerre polynomials: Ly (z) = (OH_—') 1Fi(—n; a+1; 2) (22)
n!

Bessel functions: Ju(z) = =/ VFi(v+ 35 20 4+ 15 2i2) (23)

I'(v+1) 2z ’

Applications. The confluent hypergeometric function appears in quantum mechanics
(hydrogen atom radial wave functions via Laguerre polynomials, harmonic oscillator via
Hermite functions), in statistics (chi-square distribution), and in optics (Fresnel integrals

for wave propagation) [19].

3.4.5 Kummer’s Summation Theorem

Theorem 3.8 (Kummer’s Summation Theorem, z = —1).

Fl+a-bI(1+%)
I(l14+a)T(1+%-0b)

2F1(CL,b, 1+CL—b, —1>: (24)

This result is derived by applying Kummer’s quadratic transformation at z = —1
and then invoking Gauss summation theorem |2, 1]. Tt finds application in special value
calculations, proofs of Ramanujan-type identities [3] for fast convergence algorithms (e.g.,
Chudnovsky-type formulas for 7) [18|, and in elliptic curve cryptography (ECC) where

hypergeometric identities provide symmetry properties used in key generation protocols.

4 Hypergeometric Representation of Orthogonal Poly-

nomials

A key observation is that when the upper parameter a is chosen as a negative integer
(a = —n), the Pochhammer symbol (a); = (—n), vanishes for k > n, and the infinite

series truncates to a polynomial of degree n:

o Fi(—n,b; ¢; 2) = Y Mzk. (25)
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This mechanism generates all the classical families of orthogonal polynomials |1, 19, 4].

Table 2 summarizes the key relationships.

Table 2: Classical orthogonal polynomials as hypergeometric functions.

Polynomial Symbol  Weight w(x) Hypergeometric Expression

Jacobi P (1= 2)*(1+z)? tbn By (—n, ntatf1; atl; 152)
Legendre P, 1 2F1(_n’ n+l1; 1; PTI)

Chebyshev T T, (1 —a2%)~1/2 2Py (—n, m; L5 152)

Chebyshev U U, (L=a)2 (n+1) 2Py (=, nt2; 35 45%)
Gegenbauer c) (1 — x2)A=1/2 (”Hn)‘*l) 2P (—n, n+2X; A+3; 152)
Laguerre L2 %" (ajl—,l)" 1Fi(—n; a+1; )

Hermite H, e wal (—n/2; %; xz)

The hierarchy is clear: Legendre, Chebyshev (T and U), and Gegenbauer polynomials
are all special cases of Jacobi polynomials (obtained by specific choices of a and ). La-
guerre and Hermite polynomials arise via the confluent limit o/} — 1 F;. Bessel functions

arise as a further confluent limit.

4.1 Applications of Orthogonal Polynomials

Quantum Mechanics. The radial wave functions of the hydrogen atom are expressed
using associated Laguerre polynomials L%(x), which determine the energy levels and or-
bital shapes [19].

Signal Processing. Chebyshev polynomials 7}, are used in the design of optimal filters
that minimize passband ripple (Chebyshev filters). They are fundamental in audio codecs,

RF receiver design, and image processing algorithms.

Numerical Analysis. The roots of Legendre and Jacobi polynomials provide the op-
timal nodes for Gauss quadrature — a numerical integration method that achieves exact
results for polynomials of degree up to 2n — 1 using only n evaluation points. Gauss
quadrature is the computational foundation of the Finite Element Method (FEM) and
Computational Fluid Dynamics (CFD).

The Gauss quadrature rule states:

/1 f(x)de ~ Zw f(x), (26)

15
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where x1,...,z, are the roots of the Legendre polynomial P,(z) and w; are the corre-

sponding weights [9].

5 Modern Developments (1930s and Beyond)

5.1 The Mellin—Barnes Integral Representation

In the 1930s, the theory of hypergeometric functions was enriched by contour integral

representations in the complex plane [10, 1, 9.

Theorem 5.1 (Mellin-Barnes Integral).

2F1<a7 b; C; Z) =

I 1 /m T(a+s)T(b+s)T(—s) (—2)° ds, (27)

T(a)T(b) 2mi ) o T(c+ s)
where the contour separates the poles of I'(—s) from those of I'(a + s) and T'(b + s).

This representation is extremely powerful in theoretical physics. In quantum electro-
dynamics (QED), the parametric integrals arising in Feynman diagram calculations are
evaluated using Mellin—Barnes integrals. Seemingly intractable multi-loop diagrams can
be systematically decomposed into sums of residues, each expressible as ratios of Gamma

functions.

5.2 The John Transform and Medical Imaging

Fritz John (1938) defined integrals over lines in R™ [17]:

(Jf)(L) = / f(2) dA(z), (25)

where L is a line and A is the arc-length measure. The Aomoto—Gelfand theory later

showed that such manifold integrals are equivalent to multivariable hypergeometric se-
ries [15].

Application: CT and MRI. In computed tomography (CT) and magnetic resonance
imaging (MRI), data from X-ray lines passing through the body is collected in Radon
space. The mathematical reconstruction of a 3D organ map from this projection data relies
on inverse Radon transforms, which are intimately connected to the integral-geometric

theory of hypergeometric functions. The Radon transform of a function f on R" is

(Rf)(w.p) = / f(2)dS (x), (20)

T-w=p
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where w is a unit vector and p € R. The inversion of this transform, and the analysis of
its stability and resolution properties, draws on the hypergeometric framework through

the theory of distributions and generalized functions on Grassmann manifolds.

6 The Hypergeometric Distribution

The hypergeometric distribution is a discrete probability distribution that describes the

number of successes in a sequence of draws from a finite population without replacement.

Definition 6.1 (Hypergeometric Distribution). If a population of size N contains K

successes, and n items are drawn without replacement, the probability of obtaining exactly
K\ (N-K
() Gor)
N
()

Here N denotes the total population size, K the number of success states in the popula-

k successes is:

P(X =k) = (30)

tion, n the number of draws (sample size), and k the number of observed successes in the
sample. The mean and variance are:

K 2

K N—-—K N-n
=n— o =n—- .
H 3 N

N N-1

(31)

6.1 Connection to oF}

The probability generating function (PGF) of the hypergeometric distribution can be

expressed as a hypergeometric function [1]:
G(t) =E[t*] = (K, —n; N — K —n +1; t). (32)

Furthermore, the cumulative distribution function (CDF) can be written in terms of
3F5. This connection provides a continuous generalization of Vandermonde’s combinato-
rial identity, ensuring mathematical consistency between discrete probability sums and

continuous hypergeometric series.
Combinatorial Bridge. Vandermonde’s identity,
z": K\(N-K\ (N
k n—k/) \n)’
k=0
is precisely the statement that the hypergeometric probabilities sum to 1. In the language

of hypergeometric functions, this corresponds to the Chu—Vandermonde identity, which

is itself a special case of Gauss summation theorem (14).
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6.2 Applications of the Hypergeometric Distribution

e Statistics: Fisher’s exact test for 2 x 2 contingency tables [16]; sampling planning

in survey methodology.

e Quality Control: Lot acceptance sampling — determining whether a batch of

manufactured items meets quality standards based on a sample.

¢ Bioinformatics: Gene ontology (GO) enrichment analysis — testing whether a set

of genes is statistically enriched for a particular biological function.

e Finance: Portfolio analysis and credit default models where sampling without re-
placement from a finite pool of assets is the appropriate model.

7 The Generalized Hypergeometric Function ,F,

Definition 7.1 (Generalized Hypergeometric Function). The most general series whose

ratio of successive terms is a rational function of n [2, 10, 9|:

ay, .., 0y e (@1)n -~ (ap)n 2"
qu(bl,...,bq’ Z) g (b1)n -+ (by)n ! 33)

7.1 Special Cases

The hierarchy of hypergeometric functions is summarized as follows:

1Fola; —; 2)=(1—2)7¢ (Newton’s binomial) (34)
o Fi(a,b; ¢; 2) (Gauss function) (35)
1Fi(a; ¢; 2) (Confluent / Kummer) (36)
oFi(—; ¢ 2) (Bessel function limit) (37)
sFy, 4F5, ... (Clebsch—Gordan, Wigner coefficients)  (38)
7.2 Convergence Conditions
The ratio test gives lim, o |¢ni1/cn| = |2| when p = ¢ + 1. The general convergence

criteria are:
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Table 3: Convergence conditions for ,F,.

Condition Convergence

p<q+1 Forall z € C (entire function)
p=qg+1 |z]<Il;on|z]=1ifRe(D b;—> a;)>0
p>q+1 Onlyatz=0 (divergent for z # 0)

Ratio of successive terms. More explicitly, the ratio test gives:

Coy1 (4 ar)(n+ag) - (n+ap)
e (+b)(ntby)-(ntb)n+1) (39)

7.3 Applications of Generalized Hypergeometric Functions

Generalized hypergeometric functions appear in diverse areas:

e Particle Physics: Racah coefficients and Wigner 6j-symbols, which describe angu-
lar momentum coupling in quantum mechanics, are expressed as 4 F3 series evaluated

at z = 1.

e Combinatorics: Dixon’s theorem, the Pfaff-Saalsachutz theorem, and Dougall’s

theorem are all summation formulas for 3F; or 5Fy at specific arguments [2, 10].

e Machine Learning: Certain kernel functions used in support vector machines
and Gaussian processes can be expressed via hypergeometric series, providing exact

analytical forms for otherwise approximate computations.

8 The Derivative Formula

One of the most elegant properties of the hypergeometric function is its behavior under
differentiation [1, 9].

Theorem 8.1 (n-th Derivative of o F}).

ﬁgFl(a b; ¢; z) = %

y oFi(a+n,b+n; c+mn;2). (40)
ZTL
Proof. For n = 1, differentiating the series (3) term by term,

[e.o]

d = k m+1 m+1 z™
o Fi(a,b;c; 2) —
dz Z () Z m)!

k=1 —0 m+1
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Using (a)my1 = @ - (@ + 1), and similarly for (b),,+1 and (¢)m1,

d ab = (a+ 1), (b+1),, 2™  ab
EQFl(aab;C;Z):?Z( (c)—i—(l) ) %ZzzFl(CH'LlH- L c+1;2)
m=0 m ’

holds. The general case follows by induction, using (a),+1 = (a), - (a +n). O

Remark 8.1. The derivative operator generates new hypergeometric functions by system-
atically shifting all three parameters by +n, where n € Ny, without disrupting the series
structure. This “parameter-shifting” property is unique to the hypergeometric family and

makes it exceptionally well-suited for solving differential equations iteratively.

9 Additional Identities and Advanced Topics

9.1 Pfaff’s Transformation

An important identity closely related to Euler’s transformations is Pfaff’s transforma-
tion [1, 2, 9]:

oFi(a,b; ¢ 2) = (1 —2)7" oy (a, c=bie ~ i 1) : (41)

This is identical to Euler’s second transformation (Table 1, row 2) and is sometimes de-
rived independently using the series definition and algebraic manipulation of Pochhammer

symbols.

9.2 Quadratic Transformations

Beyond linear transformations, there exist quadratic transformations that relate o F} func-
tions with different arguments connected by a quadratic map [13, 1, 2]. A classical example

due to Kummer and Goursat is

a a—2b+1 4z
F; ca—b+1; = (1 YR, ————a—-b+ 1, —— 42
2 l(avbaa + ;Z) ( +Z) 2 1(27 9 ; a + 3 (1+Z)2) ( )

when |z| < 1 and

(11—2)2’ < 1. Such quadratic transformations are the key tool in deriving
Kummer summation theorem (24) and in establishing connections between hypergeomet-

ric functions and modular forms.

9.3 Connection Formulas at 2z =1 and z = o©

The behavior of 5 F7 near its singular points z = 1 and z = oo is described by connection

formulas that express the function in terms of solutions around a different singular point [1,
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9]. Around z =1, forc—a —b ¢ Z:

I'(e)T'(c—a—10)

I'(c—a)T(c—b)

D) T(atb—0)
[(a)T'(0)

oFi(a,b;c;2) = oFi(a,b;a+b—c+1;1—2)

(1—2)" " F(c—a,c—bc—a—b+1;1—2).

(43)

This formula is essential for numerical evaluation of /] around z = 1 and for understand-

ing the monodromy group of the Gauss equation.

9.4 Integral Representations via Barnes and Pochhammer

Beyond Euler’s integral and the Mellin—Barnes contour integral, there exists a double-loop

(Pochhammer) contour integral [10, 1, 9]:

[(c) e e
IT(0) T(c — b) sin(rb) sin(ﬂc—b))f[;t (L=t)" (L —2t) 7" dt, (44)

2F1(a, by c52) =

where P is a double loop encircling 0 and 1. This representation is valid without the
restriction Re(c) > Re(b) > 0 and provides the analytic continuation to all parameter
values (except when ¢ is a non-positive integer).

10 Summary of the Historical Timeline

The development of hypergeometric function theory spans nearly four centuries:

Period Contribution

1655 Wallis coins “hypergeometric” for rapidly growing se-
quences.

1665 Newton generalizes the binomial theorem to rational ex-
ponents, obtaining | Fj.

1748 Euler derives the integral representation, linear transfor-
mations, analytic continuation, and the hypergeometric
expression for elliptic integrals.

1812 Gauss constructs the differential equation, proves the
summation theorem at z = 1, and establishes 15 con-

tiguous relations.
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Period Contribution

1836

Kummer derives the confluent function | F}, 24 solutions
of the Gauss equation, and the summation theorem at

z=—1.

Late 19th c. Riemann introduces the P-symbol and monodromy the-

ory; orthogonal polynomials are systematically con-

nected to o7 and 1 Fy; the generalized ,Fj, is defined.

1930+ Mellin—Barnes integrals in QED; Fritz John’s integral

geometry and its connection to CT/MRI imaging; mod-
ern applications in cryptography, machine learning, and

bioinformatics.

11

Conclusion

The hypergeometric function oF(a,b; ¢; z), born from the simple idea of generalizing

the constant ratio of a geometric series to a rational function of the index, has evolved

over nearly four centuries into what can justifiably be called the Master Function of

mathematics. Its reach extends across virtually every branch of the mathematical sciences:

In pure mathematics, it provides the unifying framework for orthogonal poly-
nomials, second-order ODEs with three regular singular points, and a vast web of

combinatorial identities.

In physics, it solves the Schrédinger equation for central potentials, describes elec-

tromagnetic scattering, and evaluates Feynman integrals in quantum field theory.

In engineering, it underlies optimal filter design (Chebyshev), numerical integra-

tion (Gauss quadrature), and signal processing.

In statistics and biology, the hypergeometric distribution and Fisher’s exact test
are indispensable tools for hypothesis testing, quality control, and gene enrichment

analysis.
In cryptography, elliptic curve computations draw on hypergeometric symmetries.

In medical imaging, the integral-geometric foundations of CT and MRI recon-

struction are intimately connected to multivariable hypergeometric theory.

The historical journey from Wallis and Newton through Euler, Gauss, Kummer, Rie-

mann, and into the modern era illustrates how a single structural insight — that many

natural processes exhibit a ratio of successive terms that varies rationally — can generate
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an entire universe of mathematical tools. The operational elegance of the hypergeometric
function, exemplified by its derivative formula, contiguous relations, transformation iden-
tities, and summation theorems, ensures that it will remain at the center of mathematical

analysis and its applications for the foreseeable future.
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