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Introduction

Approximation theory is a central field of functional analysis that investigates
the efficiency of representing complex functions through simpler, finite-dimensional
subspaces. This graduation project explores the principles of optimal approxi-
mation within Banach spaces, with a primary focus on the concept of m-widths.
Since their introduction by Kolmogorov, m-widths have become essential tools
for evaluating and categorizing various numerical approximation methods.

The first part of this work lays out the foundational definitions of vector
spaces, normed linear spaces, and the property of completeness that defines
Banach spaces. We further examine topological properties, such as compact-
ness and local compactness, which are necessary for ensuring the existence
and uniqueness of best approximation elements. Central in our analysis is the
Borsuk-Ulam theorem, which provides a powerful topological framework for de-
riving lower estimates of widths.

The second part of the project shifts toward applications in periodic func-
tion spaces. We define generalized smoothness classes, specifically the Weyl-
Nagy classes, using Weyl derivatives and the modulus of continuity. By analyz-
ing multiplier operators and convolution kernels, we aim to provide upper and
lower bounds for approximation errors in L, spaces. This theoretical develop-
ment ultimately allows us to determine the optimality of specific approximation

subspaces for these function classes.



1 General Definitions

Definition 1.1. [1, p.50] (Vector space). A wvector space (or linear space)
over a field K is a nonempty set X whose elements x,vy, ... are called vectors,
equipped with two algebraic operations: wvector addition and multiplication of
vectors by scalars, where scalars are elements of K.

Vector addition assigns to each ordered pair (x,y) a vector x + y, the sum

of x and y, satisfying commutativity and associativity, i.e., for all vectors:
Tt+y=y-+x, x4+ y+z)=(+y) +z

there exists a zero vector 0 and, for every vector x, an additive inverse —x, such
that:
z+0=uz, x4+ (—z) =0.

Scalar multiplication assigns to each vector x and scalar « a vector ax, satisfying

for all vectors x, y and scalars o, B:
a(fz) = (af)z,  lz=u=,

alzx +vy) = ax + ay, (a+ Bz = ax + Pux.

The field K is called the scalar field of X. When K = R, the space X is called

a real vector space; when K = C, it is called a complex vector space.

Definition 1.2. [1, p.58] (Normed space, Banach space). A normed space
X is a vector space on which a norm is defined. A Banach space is a normed
space that is complete with respect to the metric induced by its norm (see (1.1)
below). A norm on a (real or complex) vector space X is a real-valued function

whose value at x € X is written
Ilz]| (read “norm of x”)

and satisfies the following properties for all vectors x, y € X and every scalar

(6%
(N1) |z =0

(N2) ||z]|=0 < 2=0
(N3) lez| = |af 2|



(N4) Nz +yll <[z + llyll  (Triangle inequality).

Every norm on X induces a metric d on X defined by

dlz,y) = lz =yl (z,y € X), (L.1)

called the metric induced by the norm. The resulting normed space is denoted
by (X, [ 1), or simply X.

Definition 1.3. [1, p.77] (Compactness). A metric space X is called compact
if every sequence in X contains a convergent subsequence. A subset M C X 1is
called compact if it is compact as a subspace of X, meaning every sequence in

M has a subsequence converging to a point in M.

Definition 1.4. [1, p.82] (Locally compact). A metric space X is called

locally compact if every point of X has a neighborhood that is compact.

2 Widths and Best Approximation

2.1 Kolmogorov and Bernstein Widths

The concept of m-widths was introduced by Kolmogorov [2] in 1936 as a means
of measuring the efficiency of numerical approximation methods. Let X be a
Banach space with norm || - ||. For a symmetric set A C X, the Kolmogorov
m-width d,, (A, X) is defined by:

dn(A,X)= inf sup inf ||z —v|,
(A X) = inf sup inf |y
where the outer infimum is taken over all m-dimensional subspaces L,, of X.
The computation of m-widths is generally carried out in two stages: first, esti-
mating the quantity

E(Ly,, A X)=sup inf [z—yl,
.'L'EAyELm

for a fixed subspace L,, to obtain a suitable upper bound, and second, estab-
lishing a lower bound for d,,(A, X). The difficulty in deriving lower estimates

comes from the requirement to consider every possible m-dimensional subspace



L,, ¢ X. In 1960, Tikhomirov [7] proved a theorem on the diameter of a
ball (see Theorem 2.7) by introducing a new topological method based on the
Borsuk—Ulam theorem, which provided a systematic approach to such lower
bounds. A simple proof of Theorem 2.7 is given below. We first recall some
definitions. Let B denote the unit ball of a Banach space X, and let A be a
compact, centrally symmetric subset of X. For an (m+1)-dimensional subspace
Ly,4+1 C X, the Bernstein m-width is defined by

b (A, X) = sup{Lp41 C X |sup{e > 0| eBN Lyt1 C A}}.

2.2 Cowidths

Cowidths arise in the study of optimal recovery problems. Given a metric
(Banach) space (X, 1) and a coding set Y, let A C X and let © denote a family
of mappings 6 : A — Y. The associated cowidth is defined by:

co®(A, X) = inf sup diam{f~'(y)N A},
6co y€O(A)

where

07 (y) = {z € X,0(x) = 0(y)},

and
diam(B) = sup{||z — y| | =,y € B}.

In the particular case Y = R™ and © : A — R™ a linear mapping,
© = L(A,R™), the resulting quantity is the linear cowidth A™(A,X). A
straightforward verification gives A" = 2d™, where d™ denotes the Gelfand
m~width:

d™(A, X)) =inf{L_,,, C X |sup{||z|| |z € AN L_,,}},

with the infimum taken over all subspaces L_,, C X of codimension m.

2.3 Functional and Operator of Best Approximation

We now turn to several classical results on the functionals and operators of best
approximation. Let X be a Banach space with norm ||-||x = || - ||. The lemmas
that follow show that, under mild assumptions on M, the best approximation

operator P is well-defined, unique, and sufficiently regular to play the role of the



continuous odd map required in the application of the Borsuk—Ulam theorem.

The deviation of a point € X from a non-empty set M C X is given by:

E(x)=FE(x,M)=FE(x,M, X)
= inf{llz —yll [y € M} (2.1)

which is called the best approrimation of x from M. For a fixed M C X,
the mapping E : X — R, given by (2.1) is called the best approzimation

functional.

Lemma 2.1. For any linear manifold M C X, the functional E(-, M) is uni-

formly continuous and subadditive:
E(xz1+ x2) < E(x1) + E(z2), Vri,29 € X,
positively homogeneous:
E(az) = |a|E(z), VaeR
and is convex:
E(azi 4+ (1 — a)zz) < aFE(z1) + (1 — a)E(x2),

Va € [0,1],Vz1, 22 € X.

Proof. Fix z1,29 € X. For any y € M we have:
E(zy) < [ley —yll = llzn — 22 + 22 — yl| < [loy — 22 + [lz2 — .
Taking the infimum over y € M gives:
E(z1) < ||lz1 — @2l + E(z2),

and hence
E(x1) — E(x2) < |lz1 — 22|,

This proves the uniform continuity of E. For subadditivity, observe that for

any yi,ys € M:

E(zy +x2) < ||z + 22 —y1 — y2 < [lon — yull + [Jo2 — 2.



Minimizing the right-hand side over y; and ys gives F(x1 + x2) < E(z1) +
E(z2), which proves subadditivity. For z € X and a € R\ {0} we have:

Blaz) = inf [laz — y|| = a] inf ||o ~ 2| = |al E(@).

This establishes positive homogeneity, and since E is both subadditive and

positively homogeneous, it is convex. O

If there exists yo € M such that E(z) = ||z —yol|, then yo is called an element
of best approximation for x in M. The set M C X is called an existence set if

every € X admits at least one element of best approximation in M.

Lemma 2.2. Any closed, locally compact subset M C X is an existence set. In

particular, every finite-dimensional subspace of X is an existence set.

Proof. Let x € X \ M with E(x) = ¢ > 0 (the case x € M is trivial). By the
definition of the infimum, for each n € N there exists y,, € M such that:

1
e~ yall < () + -
The sequence {y,} is bounded, since:

1 1
lyall = llz =z +yall < 2]l + B(2) + — = [Jz] + e+ —.

~=
By the local compactness of M, there exists a subsequence {y,  } converging to

some . Since M is closed, yo € M. Clearly:

1
B(z) < ||z = yn, | < B(z) + —, meN.

m
Letting m — oo gives ||z—yo|| = E(x), so yo is an element of best approximation.
O
A norm on X is called strictly conveg if for any z,y € X with ||z|| = ||y|| = 1,

the inequality ||az + (1 — a)y|| < 1 holds for every a € (0,1). Equivalently, the

unit sphere of X contains no line segments.

Lemma 2.3. Let M be a convex subset of a strictly convex normed space X .
Then, for any x € X, the element of best approximation in M, when it exists,

18 unique.



Proof. Suppose there exist two distinct elements y1,y2 € M (y1 # y2) that
both yield a best approximation for z € X:

E(x) = [z =yl = llz — vall

By the convexity of M, the point y, = ay; + (1 —a)ys lies in M for any a € [0, 1],

and:

E(x) <[lz = yal = lla(z —y1) + (1 — a)(z — go) |
<allz —wpll+ (1 = a)llz — e
=aFE(x)+ (1 —a)E(x) = E(x).

This would mean that the sphere {z € X; ||z —z|| = E(x)} contains the segment
Yo = ay1 + (1 — a)ys for a € [0, 1], contradicting strict convexity. O

A set M C X is called a Chebyshev set if for every x € X there exists a
unique element of best approximation. For such a set M, the best approximation

operator (or metric projection) P(z) is defined by:
E(z, M) = ||z - P(z)|, P(z) € M.

Lemma 2.4. If M is a locally compact Chebyshev set in X, then the operator P
18 continuous. Moreover, if M is a Chebyshev subspace, then P is homogeneous
and, in particular, odd, so that P(—x) = —P(x).

Proof. Fix zyp € X and let x,, — x¢. Then:
[P (zm) — woll < [[P(xm) = Tml + [|2m — zoll = E(@m, M) + [|zm — zol.

By Lemma 2.1, the sequence {E(2,,, M)} converges, so {P(x,,)} is bounded.
Suppose, for contradiction, that P(z,,) 4 P(x¢). Then by the local compact-
ness of M there exists a subsequence P(x.,,) with lim,_,o P(zm,) = z #
P(x). Since M is a Chebyshev set and therefore closed, z € M. Passing to the

limit as n — oo in
|Zm, — P(@m, )| = E(@m,, M) < ||z, — P(xo)]|

gives ||zo—z|| < ||xo—P(z0)]||, which means z is an element of best approximation

for zp in M. This contradicts the assumption that M is a Chebyshev set, so



P(zy,) = P(xg).
When M is a Chebyshev subspace, for any a € R we have:

lax — P(ax)|| = |a|E(z, M) = |lax — aP(z)]|,
which gives P(az) = aP(x). O

Take M = M, to be an m-dimensional Chebyshev subspace of the normed
space X with basis {x1,..., 2, }. Then the best approximation operator can be

written as:

P(z) =Y ap(z)zs. (2.2)
k=1

From Lemma 2.4 we obtain:

Lemma 2.5. The functionals ag(z) : X — M, for1 < k < m are homogeneous

and continuous.

Proof. By Lemma 2.4, P(ax) = aP(z), which gives:

m m

Z ag(ax)z, = Z aag(x)T).

k=1 k=1

The representation (2.2) is unique, so for every ¢ € R and z € X we have
ag(az) = aag(z), 1 < k < m. Finally, since convergence in a finite-dimensional
space M, (dim M, = m) is equivalent to componentwise convergence and the
operator P : X — M,, is continuous, the functionals ai, 1 < k < m, are

continuous. O

2.4 Borsuk—Ulam Theorem and its Applications

The following theorem is a key result used frequently in the derivation of lower

estimates for m-widths [8].

Theorem 2.6 (Borsuk-Ulam). Let X and Y be finite-dimensional Banach
spaces over R or C, with dimY < dim X, and let S = S(X)={z € X : ||z|] =
1} denote the unit sphere of X. Then for any continuous mapping f : S =Y,
there exists at least one element x € S such that f(—z) = f(x). In particular,

if [ is an odd mapping, then there exists x € S such that f(x) = 0.



First conjectured by Ulam and later proved by Borsuk, Theorem 2.6 can also
be stated in the following equivalent form. Let Q be an open, bounded, and
symmetric neighborhood of 0 in R™, and let F : 9Q — R™~! be a continuous
odd mapping from the boundary 9 to R™~!. Then there exists a point z* € O
such that F'(z*) = 0.

Theorem 2.7. Let X, 1 be an arbitrary (n+ 1)-dimensional subspace of a real

normed linear space X, and let B(X,11) denote the unit ball of X,,+1. Then,
dp(B(Xp41),X) =1, 1<k<m.
Proof. Clearly

dm(B(Xn+1), X) < dm—1(B(Xp41), X)
<< do(B(Xpg1),X) =1,

so it remains to prove dp,(B(X,+1),X) > 1. We will show that for any
m-dimensional subspace L,, C X, there exists an element x € 0B(X,,+1) whose
best approximation from L,, is zero. Let {x1,..., %11} and {z1,...,2,} be
bases of X,,11 and L,,, respectively. Then every x € X,,,+1 and z € L,,, admits

the representation
m—+1

m
T = E AsTg, 2= bszs.
s=1 s=1

It suffices to take X = lin{X,, 11, Ly}, with dim X =1 < 2m + 1. Choosing
{y1,...,y} as a basis of X =1lin{X,,11, L}, every € X can be written as

l
T = E Csls-
s=1

If the norm on X is not strictly convex, we replace it with the norm
1
2

l
[elle = llzll + € <Z|Cs|2> (2.3)

which is strictly convex. Since dim X < 2m + 1, letting ¢ — 0 preserves the

conclusion of the theorem. Hence we may assume that the norm on X is strictly



convex, in which case the best approximation operator is unique, continuous,
and odd. The domain

m—+1
Q= {(a17~'~7am+1) T = Z asxsvan < 1}

s=1

is an open, bounded, and symmetric neighborhood of 0 in R™*!. For any
a € 0, let F(a) = (by,...,bm) € R™ be the vector of coefficients which

corresponds to the best approximation of

m—+1
T = Z asts € 0B(Xpmt1)

s=1

from the subspace L,,. By Lemma 2.5, F' : 92 — R™ is a continuous and
odd mapping from 0f2 to R™. The Borsuk—Ulam theorem then guarantees the

existence of some
m+1

Tt = Z atxs, |z*] =1,
s=1

whose best approximation from L,, is the zero element. O
Combining Theorem 2.7 with the notion of Bernstein m-widths yields

Corollary 2.8. Let A be a compact and symmetric set in a Banach space X.
Then
dm(A7X)me(AaX)a m=0,1,....

3 Function Classes

The general theory developed in Section 2 applies to arbitrary Banach spaces.
In what follows, we specialize to the case X = L,, the space of 27-periodic
p-integrable functions on (—m, 7). We introduce the relevant function classes
through generalized derivatives and the modulus of continuity, and study their

approximation properties in terms of the n-widths defined above.

3.1 The Space L, and Basic Function Sets

To analyze the approximation properties of periodic functions, we first define

the standard spaces of 27-periodic functions.

10



Definition 3.1. /3, p.101] (L, space) The space L,, 1 < p < oo, is the space

of 2m-periodic functions f(t) on (—m, ), with norm

11, = ([ If(t)”dt>1/p.

Definition 3.2. Let L(—m,m) denote the space of 2m-periodic functions that
are summable on the interval [—m, w]. The subspace Lo is defined as the set of

functions in L(—m, ) whose integral over the period is zero:

Ly = {f € L(—m,m): ' ft)dt = 0} . (3.1)

—T
Functions in Ly are characterized by Fourier series of the form

o0

S[f] = Z(ak cos kx + by, sin kzx).
k=1

3.2 Weyl Derivatives and J Classes

Differentiation can be extended beyond integer orders using the Weyl integral
representation. This extension enables a more precise classification of functions

according to how well they can be approximated.

Definition 3.3. (Weyl Derivative) For a fized r > 0, suppose the Fourier series
of a function f € L(—m,m) can be represented via an auziliary function ¢ € Ly

as follows:

™

Sif] = aoéf) 0y z /W p(a—t)cos (kt — ) dt. (3.2)
k=1 -

In this case, ¢ is called the Weyl derivative of f of order r, denoted by ¢ =
D" f = f("). The collection of all such functions f constitutes the class JT.

3.3 Conjugate Functions and J,, ,; Classes

The construction of Weyl-Nagy classes 5 necessitates the introduction of
trigonometric conjugate functions, which correspond to a phase shift in the

Fourier coefficients.

Definition 3.4. (Conjugate Function) Let f € L(—m, ) have the Fourier series
Slf] = % + >0 (agcoskx + by sinkz). The conjugate series is defined as

11



S[f] = Y pey (ag sinkx — by coskx). If this series is the Fourier series of some
function f € L(—m,m), then f is the conjugate function of f, often represented
by the singular integral:

- 1 [7

Fay==o- [ 1@+ t)cot %dt. (3.3)

—T

Definition 3.5. The set J,, is defined as the collection of functions whose

Fourier series has the form:

S[f] = i ! /7r plx —1t) cos(kt — T;rlﬂ') dt, ¢ € Lo. (3.4)
k=1 o

k"
Note: These foundational definitions provide the necessary framework to under-

stand the general Weyl-Nagy classes Jj as linear combinations of the J," and

Jr 1 classes.

3.4 Integration of Fourier Series

The following theorem is used in the derivation of the convolution representation

of functions in Lg.

Theorem 3.6. [3, p.114] Every Fourier series S[f] can be integrated within any
limits, regardless of whether it converges or not. This implies that the sum of

the series of integrals of terms of a Fourier series is always equal to the integral

of a function f(-).

3.5 Modulus of Continuity and the Class H,,

To quantify the smoothness of functions in the studied spaces, we use the mod-
ulus of continuity, which is an essential tool for determining the rate of conver-

gence of approximation processes.

Definition 3.7. (Modulus of Continuity) Let X be a Banach space of 2m-
periodic functions (such as C or L,). For any f € X and § > 0, the modulus

of continuity is defined as:

w(f,0)x = sup [f(-+h) = f()lx- (3.5)

|h|<é

12



The modulus of continuity characterizes the mazximum oscillation of the function

within a distance §.

Definition 3.8. (The Class H,,) Let w(d) be a given majorant (a continuous,
non-decreasing, subadditive function such that w(0) = 0). The functional class
H,, is defined as the set of all functions f € X satisfying the condition:

w(f,8)x <w(8), V5>0. (3.6)

When w(d) = 6% for some 0 < a < 1, this class coincides with the classical

Lipschitz (or Hélder) class, denoted by Lip .

3.6 Weyl-Nagy Classes

The exposition in this section follows Stepanets [3, Ch. 3, §6].

The results of Subsections 3.2 and 3.3 motivate the introduction of the sets
J3, consisting of those f() for which, with » > 0 and 8 € (—o0, 00) fixed,

Zﬂ_kr / (x—1) cos kt— %T) dt (3.7)

S[f] = aoéf) —27" Trkr/ (x —1) cos k:t— %) dt

(BT 1 / B r+1
+sm72 ;wkr 7ﬂgp($ t)cos( 5 7r> dt, (3.8)

with ¢ € Lo. To this representation we associate an operator D : J3 — Lo
via (3.7).

For g =r + 2k with k € Z, one recovers J5 = J,” from Subsection 3.2. For
B =r+1+ 2k, the classes J3 and J;';; of Subsection 3.3 agree up to constant
terms. For the remaining values of 3, the elements of J§ are precisely linear
combinations of conjugate pairs taken from J," and J ;.

These classes were first introduced and studied by Nagy. Accordingly, the
function ¢(-) in (3.7) is referred to as the Weyl-Nagy (r, 8)-derivative of f(-),
written f5(-) = Djf. A direct calculation shows that

13



S[f3] = i k" (ak(f) cos(ka: + 5—2”) + b (f) sin(km + B;)) . (3.9)
k=1

In fact, (3.9) provides an alternative description of Jg: it consists exactly
of those f(-) for which the series on the right is itself the Fourier series of some
integrable function. This equivalence follows by inserting (3.9) into (3.7) and
carrying out elementary manipulations. We therefore have, for every » > 0 and
p € (=00, 00),

Ji ={f(): Dif = f5(-) € Lo} (3.10)

When the series in (3.7) converges, its sum is taken as the function f(-)
regarded as an element of Jg .

The classes of Weyl-Nagy differentiable functions are defined as follows. If
f € Jj and fi € M, we say that f() belongs to the class J3N. For a specific
class 9, we write J30N = Wé‘ﬁ

Consequently, Wi = WIN for 8 = r + 2k with k € Z, while Wi =
Wi N=WMNfor f=r+1+2k.

3.7 Classes Lg’ﬁ

The exposition in this section follows Stepanets [3, Ch. 3, §7].

Replacing the factor k=" in (3.7) and (3.9) by an arbitrary sequence (k)
indexed by a natural variable produces a new family of periodic-function classes.
For suitable choices of 1, these classes recover W91 (and hence WD and
W), while for other choices they extend to functions that lie outside the scope
of the classical scale. Note that W9 = W™ for r € N, and WM = WiN
when 8 = r.

Let f € L(—n, ) have Fourier series S[f], fix an arbitrary function ¢ (k) of
a natural variable, and let 8 € (—o00,00). Assume that the series

gw(lk:)(ak(f) cos(k;H— %) + bk (f) sin(kac+ 5;)) (3.11)

is itself the Fourier series of some element of L(—m, 7). The function so
obtained is referred to as the (i, §)-derivative of f(-) and is denoted fg’(); we
write L% for the collection of all f for which such a derivative exists.

14



For f € Lg, an application of Theorem 3.6 followed by elementary manipu-
lations yields

™

fﬁ z—1) cos(kt— %) dt = S[f]. (3.12)

k=1
The converse also holds: whenever the Fourier series of some f(-) takes the

form

S[f =

s

f) + i ﬂ /7T oz —t) cos(kt - 5—) dt, (3.13)
k=1 -

with ¢ € Lo, then f belongs to Lg. The verification amounts to checking
that the Fourier series of ¢(:) matches (3.11). Indeed, if (3.13) holds, then for
each k=1,2,...,

) = 00 (o) cos 5~ bu(e)sin 7).
() = 08) () sin 5+ i) cos ). (319
Solving for ay(p) and bi(p),
1 B B
ax(p) = o (ak(f) cos —- + b (f) sin 2) )
1 B . Pm
bk((p>=(k)(bk(f)COSZ—ak<f)Sln2> . (3.15)

A comparison of (3.15) and (3.11) confirms that ¢(-) has a Fourier series of
the required form.

It follows that Lg may be identified with the set Eg’ of functions in L(—m, )
whose Fourier series take the form (3.13) for some ¢ € Lg. In this situation,
»(+) is again called the (¢, 8)-derivative of f, and the operator L”’é’ — Lg defined
by (3.13) is written Dg)7 so that Dgf = fg’

Taking (k) = k~" with = > 0 recovers Lg = Jj. When the series in (3.12)
converges, we identify its sum with f(-) as an element of Lg.

For M C L(—m, ), we say that f belongs to Lgf‘ﬁ if fe Lg and fg e N
Each triple (¢, 8,91) thus determines a class Lg‘ﬁ, with the special case (k) =
k~" producing Lg‘ﬁ = Wz

15



We say that f(-) is the convolution of two elements h(-) and g(-) of L(—m,)

if it admits the representation
1/
f@)=—[ hlz—1t)g(t)dt,

written briefly as f = h % g, where g(¢) plays the role of the convolution
kernel.

We first check that f(z) is finite for almost every xz. Without loss of gener-
ality, assume that h(-) and g(-) are nonnegative — the general case follows by
decomposing each function into its positive and negative parts. The product
h(x — t)g(t) is then measurable as a function of (z,t), and being nonnegative,

its iterated integrals may be computed in either order. We therefore obtain

" faydo = %/W " R — 1) g(t) dtda
1 s

- - ;/ g(t)( ’ h(x—t)dx) dt = l/ﬂ oy | ne)dt.
B - - T o)

Hence f € L(—m,7); in particular, f is finite throughout (—m,7) and clearly

periodic. To compute its Fourier coefficients, suppose

S[h] = % + Z(ak cos kx + by sin kx), (3.17)
k=1
12 o0

Slg] = % + z:(a;C cos kx + by, sin kx). (3.18)

According to (3.16), h(x — t)g(t) is summable over —7 < z, t < 7, so the

order of integration may be exchanged, yielding

ap(f) = %/_ﬂ/j h(z —t) g(t) cos kx dt dx
1 ™ ™

= /g(t) h(z)cosk(z +t)drdt = ara), — by - b}, k=0,1,...

2 o

An analogous computation gives by (f) = ajbr + axb), for k =1,2,... Com-

bining these formulas yields the following theorem:

16



Theorem 3.9. [, p.123] Let h,g € L(—m, 7). Then the convolution f = h*g
also belongs to L(—m, ), and provided that (3.17) and (3.18) hold,

_ aoao n Z ((araj, — bybl,) coskx + (ajby, + aybj,) sinkz). (3.19)
k=1

The classes Lg‘ﬁ are naturally studied through the action of multiplier op-
erators of the form A associated with the sequence ¥(k). To estimate n-widths
of such classes, one needs sharp control over the operator norm of A acting on
L, spaces. The following lemma provides such an estimate and serves as a key

tool in the width computations to follow.

Lemma 3.10. [4][5] Let 1 < p < oo, then

|

meN

(Z [A(K) = A(k + 1) + sup IA(m)I> ;
k=1

where
T
cot —, 2 <p< oo,
Xp=1+2 l
tan —, 1<p<2.
2p

Proof. Let U : p — ¢, where

=@~ > —br(p) coskx + ay(p) sin kx

and

S, (4,07 ) %(Sm«p?m) + Sm—l(@7 JJ))

Then
S* (@, x) = SINM Gop () — O8N oy () = sinma U gy, () — cos ma Uhyy, (2),

where

gm(x) == f(x)cosmz, hy(x):= f(z)sinmaz.

Clearly,

Sm

L,— LpH <2 HU’LP - L,,H ,
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and
S = Si|Lo = L < 1.

Hence, for any m € N we get

HSm o — S5+ S

§1+‘

Sm

It is known [6] that

s
cot —, 2<p<oo,
2p

C, = HU‘LP—>LPH = !
tan —, 1<p<2
2p

Comparing (3.20) and (3.21) we get

s
cot —, 2 < p<oo,

sup “Sm’Lp — LpH <142 25 = Xp-
meN tan —, 1<p<2.
2p

Application of Abel transform to S,, Ay yields

SpAo(z) =Y Ak)(ar(p) coskx + bi(y) sin kz)

AR

1
(A(K) = Ak + 1)) Sk (@, ) + A(m) Smep ().

=
Il
—

Comparing (3.22) and (3.23) we find
sup HS A‘L — L H<Xp sup (ZP\ Ak + 1)+ |A(m ))

meN
(ZM A+ )]+ sup [Am )|>

Consequently, by the Banach—Steinhaus Theorem we get the proof.

18
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4 Applications and Main Results

Having established the function classes Lg‘ﬁ and the multiplier estimate of
Lemma 3.10, we are now in a position to derive sharp estimates for n-widths of
these classes. The central result of this section is Theorem 4.3, which provides
a two-sided asymptotic estimate for the Bernstein and Kolmogorov widths of
WY in L.

Proposition 4.1. Let 1 <p < oo, B € R, and let y(k), k € N, be an arbitrary
function of a natural variable. Let A denote the multiplier operator associated
with ¢, and let U : f — f denote the trigonometric conjugate operator. Define
the unit ball

Up={p€Ly:|el, <1}.

Then every function f € Lg’ with (¢, 8)-derivative ¢ € U, admits the represen-
tation f = ®p, where

@ZCOS%'A+SiH%‘AU. (4.1)

Proof. By definition of the class Lg, the Fourier series of f has the form (see
(3.13))

Sif] = a(/) Jri(k)/7T o(z ft)cos(ktf ﬂ—;) dt,

where ¢ € L is the (¢, §)-derivative of f. We expand the cosine using the angle

subtraction formula:
Cos(kt — ﬁ—;) = cos kt - cos %T + sin kt - sin ﬂ—;

Substituting into (3.13) and separating the two terms gives

S[fl = aoéf) +(:os,627ri1’/};_k)/7r o(z — t) cos kt dt
k=1 -

oo k T
+Sinﬂ2ﬂ-k2_:1¢§r)/rr o(x — t)sin kt dt. (4.2)

We now identify each sum. Recall that the multiplier operator A acts as
Ap ~ Z P (k) (ak(sa) cos kx + by () sin kx),
k=1
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so that Ry
k) / oz —t)cosktdt

™

-7
is precisely the k-th term of Ap. Hence the first sum in (4.2) equals Ap(z).
For the second sum, recall that the trigonometric conjugate operator U :

f— f satisfies

oo

Up ~ > (~bilp) coskz + ay, () sin k),
k=1
so that . _
M/ o(z — t) sin kt dt
m —T

is the k-th term of AU¢(x). Hence the second sum in (4.2) equals AUp(z).
Substituting back into (4.2) yields

f(z) = cos %T - Ap(z) + sin ’8—; - AUp(z),

which is precisely (4.1).

It remains to verify that this representation is well-defined for ¢ € U,. By
the Riesz theorem [9] (see (3.21)), the conjugate operator U is bounded on L,
for 1 < p < co. Therefore Uy € L, whenever ¢ € L,, and both Ap and AU¢p
are well-defined. O

Theorem 4.2. Let (k) be a decreasing sequence. Then

sup  [If = Sn(f)llp < Cpto(n+1).
feLy,gUp
Proof. Let I denote the identity operator on L,. Using representation (4.1)
we write

f:cos%r-[\ap—i—sin%-AUcp

Then:

sup ||f — Sl )||p:H(COb— A—|—51n AU)ga Sn (cos— A—&-bm AU)(pH

f€Ly pUp

= H (cos A +sin 8% AU) (I—5Sn)e

p

< ”AI(I - Sn)|Lp - Lp” + ||A2(I - Sn)‘Lp - Lp” : ||U|Lp - LpH,
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where A1 = cos ’%’T -Aand Ay = sin‘%7r - AL
The multiplier sequences of Ay(f — S,,) and Ax(I — S,) are computed as

follows:

A (I —S,) = cos ,8771' vik+1), kzm, (4.3)

pr |v(k+1), k>n,

Ay(I — S,) =sin — (4.4)
2 0, 1<k<n

Applying Lemma 3.10 we get:
1AL (I = Sn) | Ly = Lyl < C§Y 4p(n + 1), (4.5)
1A2(I = Sn) | Ly = Lyl| < C 4p(n +1). (4.6)

Hence,
sup_|[f = Sn(f)llp < Cpb(n+1).
feLw,BUp

O

Theorem 4.3. Let 1)(k) be a decreasing sequence of real numbers and (k) # 0,
k € N. Then

C{V 4p(n) < ban(LEUp, Lp) < dan1(LEUp, L) < CS2) 4h(n)

foranyn e N and 1 < p < 0.

Proof. The upper bounds follow from Theorem 4.2. Let ®~! be the inverse of
® on the space Tap4+1 = lin{l, coskz, sinkz, 1 < k < n}. Clearly,

d ! = cos %T A}, —sin %T AU,

where
(k)™ 1<k<n+1,

AL =
n+1
0, k>n+1,
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Clearly

<1>—1<I>:( BWAnil sinBZWAnHU)(OS&A—FSinﬁ—;AU)
= cos? - An+1A + cos 5—; sin — pr AnHAU
— sin é—ﬂ cos %T AL UA - 1n2 62 1 UAU
:0082Bj[—l—cos'%rsin%U—sinﬁ—;cos%U—sinQﬁ—;—U2
:COSZ%I %( I)
o e
where we used U? = —1.

Direct calculation shows

197" | Ly N Tans1 = Ly N Tong1]
< ||An+1 | Lp m7—2n+1 - Lp m7—2n+1||(1 + HU | Lp - Lp”)-

Since (k) is decreasing, by Lemma 3.10:

1AL | Ly N Tansr = Ly 0 Tansa || < 2xp (0 + 1).

Consequently, U, N Tap+1 C AUy, and therefore

197 | Ly N Tant1 = Ly N Tangall < 2xp ¥(n + 1) (14 Cp).

Hence,
iﬁigammﬂcﬁw
By Corollary 2.8:
bon(LUUp, Ly) > Mww 1),
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